
1) To find the equation of motion we can either use AMB on

Lagrange . In this case AMB is a bit quicker :

AMB : A-
◦

= Go

where A- ◦ = Ioe = 13mV Jess
0

and thus Lto = ¥mEÑes

Now we need to find the external torques . As the force is spread out
over the beam this is a bit tricky .



- That's why atfirst we only look at a small section of the beam with

length dx (and still thickness t).
The force acting on this element is composed of
the viscous damping and gravity :

DE = DE + dEg

- Let 's first look at the viscous damping , which is

dEv = -p (X) • t ' DX (opposing the motion)
Force = pres¥ .¥

where we use the given (x) = c. IG)
For this we need 1 (x) which we can find as the derivative of Ict)

Ict) = ✗ (sin (d) ed - cos (8)e)

⇒ ± (f) = ✗ bi ( cos (d)eat sin (d)≤2)

The other component of the force is

dig = -dm.g.ee = -ptbdx.g.ee

. Now that we have our force we can find the torque dM_ acting on our element

dM_ = IG) × (dEu+dEg )

- Now we already see that this will contain , so we can use the small angle
approximation which gives

1 (x) = ✗ idea + ✗dÑez

±(x) = ✗ Pea - ✗ e-2

⇒ dM_◦ = (✗be - ✗E) ✗ ( - cake, - (add + pbg ) ≤2) tdx



which becomes

= - (cx2P% + pbgxp+ cxzbi ) -5
¥dee to the Ñ

. Now to find the torque on the entire beam we can simply integrate :

L L

◦
= {did◦ = - ftp.bgd/+cx2bi)tdxes

0

=
- (mg ¥ oh + c 1¥ Is where we used m= ptbl

- Now we can plug this into AMB to find the equation of motion :

⇒ 13m56s + ᵗÉ # bit mgkz8=0
⇒ ⑦ + ¥ bit 3£ 0=0

2) For small c we have an underdamped vibration :

21T

Td = ¥d = w◦És2# = 3÷-¢¥F



We notice that only the first part of the beam (O = ✗=L) is stretched
as there are no forces in the second part .

This means we can replace the first half of the beam with a spring of stiffness

K = F- = Et
OL L

which we rearrange for ol

ol = É

where F is the centripetal force caused by the rotating particle

F = more ⇒ m¥



The equation of motion is , as given in the formula collection :

⑦ (×,t) = CF (×
,
t) with g-=§M

To solve this we can use the separable Ansatz :

d(×,t) = § (a)qlt)

with :

ÑLx) = Bios (E-×) + Bz (Ex)

qlt) = Arcos (wt) + Az cos (wt)

Now we can find B1 , Bz using the given boundary conditions :

• The shaft must be torque free at ✗= 0

⇒ 0×10 , t) = 0 kt

⇒ (o) = Bz¥ = 0 ⇒ 132=0



•The clamped end must be at rest :

⇒ PLL
,
t) = 0 It t

⇒ GIL ) = B
,
cos (ÉL) = 0

As 131 can't also be zero we follow that

cos (¥ L) = 0 ⇒ 4¥ L = 2¥ IT ,
n e IN

so the eigenfrequencies are

an = n+z¥
and especially the fundamental frequency :

Wo =

and the general solution :

P(×,t) = & cos (¥ˢ×) [Bit, cos (Wnt) + Bitz sin lwnt)]
n=O

which is the superposition of the solution of each eigenfrequency .


