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First we need to establish the kinematic relations for the system :

From the no -slip condition we get :

✗☐
= ✗atRP ⇒ lips = it + Rbi ⇒ lips = It + RE

This means our system has only two degrees of freedom .
We choose

XA and ✗ B. as our generalized DOF .

Now we have to find our Lagrangian . The total kinetic energy is
:

1- = 12 M¥ + {mipf + { {mR2j2 = {MIE + 12mipit ¥m ( IB - XA5

and the potential energy is :

✓ = 1215×132

There are no non - conservative forces .

Now we can use the Lagrange equations for ✗+ and xp to find the F-0M

(EI) - ¥a=0 and d¥(3¥
.
) - ¥

.

= 0



⇒ i) Mia - 12m lips- *a) = 0

ii) miip + 12m (IB - Ia ) + KXB = 0

Now to find the eigenfrequencies we first have to notice that we have one

rigid body mode ( zero eigenfrequency) where ✗
☐
= const . and the wheel only rotates

as the platform moves . This means to find the second eigenfrequency we can reduce
both equations to one equation by rearranging (i)

:

*A = zµ,÷ Ii
☐

which we plug into Ei) to find :

m2-3M jpg + KXB = 0
m + 2M

From this we can now just read the eigenfrequency as we usually do :

a. =±÷:⇐



Let's use the system matrices to find the eigenmodes and eigenfrequencies . For

that we need the kinetic and potential energy :
£ Steiner

1- = I {mR2 (0%+83)

V = § K (2122) (Oz- A)2

Now we can calculate the mass matrix as :

= ¥¥g, = EmR2 f} 9)
and the stiffness matrix is :

=
V_ = 41+122
29; 29J

To make things easier we can divide both and ¥ by 3zmR? Now the

characteristic equation follows as :

det (E-w2) = 0



1 -1

det /Eitan ) - w- fi :)) =o
det /
¥ - " - ¥m

- Em Em - wz ) = 0

⇒ (En-5-1:÷J=o
⇒ (8¥m)2_ %±wz+w4-(¥m)2=o
⇒ ar ( ar - 1¥ )=o

From this we the eigenfrequencies as :

we
= 0 and wz = 4-31ft

.

Now we can find both eigenmodes using - w2M=) # =

Own:

⇒ 1) •Ere ⇒ E. =

":

⇒ C. 1) ¥. = ≤ ⇒ Ii (7)



1) In a first step we can simplifythe spring system as pictured below

k* = k
beam
+ kbar

1- = E- + ¥.keq

Using the formula collection
and the given relations we get

EA

kfeam = % = 3k Kfar = I = K
J

Plugging this in we find Kea :

1-
*
= 4k ⇒ keg = ¥ k



Thus the equation of motion is :

miitcx + ¥kx = 0

From this we find

8 = ÷ ,
WE = ¥ ¥

This means the damped eigenfrequency is :

wa=wi-sT=¥±m_⇐J#
2) For the motion we use the general solution for an underdamped oscillator

✗(t) = e-
* [Acos (wat) +Bsinludt)]

We can find the constants using the initial conditions :

✗(o) = A = ✗◦ and IG) = - SA + Bud = 0

⇒ A = ✗
◦

and D= %- = {
Therefore the motion of the particle is :

✗ (f) = e-
* [✗

◦
cos Cwdt) + s sincwdt)]


