
.

① For an undendamped vibration , the frequency is :

wd
= Wi-FI = Wo 1-57 using D= ¥

also the general solution is :

ylt) = e-
*
sin (wdt + %)

Now we can plug this into the formula for 1 . We also
use that 1- = 2T /od

e-
*
sin lwdt + yo) both sin -terms

A = In- are the same

e-
SET>

sin (wdlttt )+ Yo ) as a shift by
1- = Zitkud has

= In est = 8T no effect ?

= D-

Wo
• w◦%Ñ-
TT



A =
D
1-D

now we can solve this for D ,
which is the final result

12 (1- D2 ) = 411-2132

12 = (411-2+12) D2

⇒ D=,⇔
② We can find ylt) and ycttt) from the plot

y (t)
= 20m

, y (ttt )
= 16.5

Now we can calculate A and with that find D using the

result from the first part :

A = In = 0.19 ⇒ D= 0.03



From the lecture we know the equation of motion :

miitcx + Kx = Flt) = Fo sin ±mMt)
The steady-state response is a vibration at the same frequency as

the excitation Flt) with amplitude

A- ✓
±
woz
= ✓
¥
K

The magnification factor using 2
= % = {

✓ = µ-zz)2^+(zpz)2# = =

For £ = V ¥ to be larger than 1¥ we see that V >:O
,
so :

V > 1 ⇒ v2 > 1 ⇒ ÷ + D- = 1 ⇒ ☐ et%M=¥
to now find a condition for the physical damping c we can



express D through c using :

D= ÷ = Em - ¥1M =÷q
Now we can find our condition for c :

2m¥ -_ F- ⇒ c. = F- rmf



① To find the equation of motion we can either use LMB on the

Lagrange equations .

i] First let us use LMB for the CM of the system :

(mtm ) a-c.µ = E
ext

to find a-cm , we
need Ecm and take the second derivative :

Icu = ¥ [mxr-eitmki-lcosh.at?a.-e;ge+m-sin--e]-

1st particle

Ecm
= + ¥ cos(Rte, + { sin(Rt) e-z



⇒ Icm = you = (in _ lzrsintrt)) eat Kroos (Rt) -ez

⇒ Ecm = a- am
= - ¥Ncos (Rt)) ex - { IsinLrt) e- 2

To determine the external forces we can draw an FBD : ↑ Fs
R
o

⇒ Feet
-

= (2mg - kxn )G.+ Rez m&
Now we can plug both a-cm

and F-
"+ into our LMB :

mg ,Er : 2mi
,
+ kxn = 2mg + mhrzcos(Rt) (*)

e-z R = -mlksin (Rt )

The ex - component gives us an equation of motion w.r.tn , but we want it
to be Wirt q (

t) = ✗alt) - ✗ eq , where xeq is the point of static

equilibrium , which is

kxeq= 2mg ⇒ xea = 279T

⇒ q
= ×
,
_ 2¥ˢ and ai = xi

This we can plug into (A) , which then becomes :

2mg + Hq = mLR2cos (Rt)



ii) we can also do the same using the Lagrange equations :

For the kinetic energy we need the velocity of both particles :

e. = xie , E- ✗ie. + rYI%i¥¥÷÷;¥ʳᵗ-
Thus the kinetic energy is :

1- = 12m [ Iit ( Xi -Sl sin (Rt))2t (RL cos lrtD2]
= Em [Hit Ii -2x, RLsin(Rt)+ RVsin-Lrt)

- -
- - -

- - -

+ SEE cos- (rt)]
- - -

-

-
-

- -
-

t
these terms drop outThe potential energy of the system is : in

the Lagrange eqn
.

✓ = 12 Kai - 2mg✗^ - l cos (Rt ) •

m
•

g

Using the Lagrangian L= T-V the Lagrange equations are :

} - 3¥ = 0 (no non
- conservative forces )

Using that T only depends on in and V only on ✗^ we can write this as :

¥1:⇒+¥.=◦
Now we can plug in T and V and find (inT lots of terms drop out ? ) :

⇒ 2m£
,
- mrtlcos (Rt) 1- KX

,
- 2mg = 0



This the same as (A) which we found with LMB . Once again
we can express this w:nt . q

= ✗
n
-✗

eq
and find :

2m¢ + Hq = ml.r2cos (Rt)

② We observe that the system is undamped . From the equation of
motion we know w◦=k/2mM . We are also given I =k/mM=ÑWo

We see that R > Wo . As the system is undamped we
see from the phase diagram that Y =D

Let us first find the particular solution , which
is given in the formula collection as

9pct) = A cos (Rt-it) ⇒ g-pct) = -NA cos (Rt -IT)

We can substitute this into the equation of motion :

- 2mRZA cos (Rt -1T) + KA cos (Rt -1T) = mlNcos (Rt)

We can use that cos (Rt -1T ) = - cos (Rt) to solve this for A

MLRZ
⇒ A =

2m22 _ µ , using r=k/mM ⇒ A =L

Next we also need our homogenous solution , which for an undamped system
is generally given as :

9h (f)
= Aisin (wot) + Az cos (wot ) , wo=Éf

Thus the complete solution is :

9 (t )
= Aisin (wot ) + Azcos (wot ) - l cos (Root)



Now we can use the initial conditions to find An and Az

•

q (o)
= Az- L = 0 ⇒ Az=L

• § ( o ) = Aaw ◦ = v◦ ⇒ Ai w%
We can plug this in and find the final solution :

q A)
= l ¢0s (wot) - cos (Rast)) + ¥ sin ( wot )


